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Abstract
Several applications such as liquid-liquid extraction in micro-uidic devices are concerned with
the ow of two immiscible liquid phases. The stratied ow regime in these micro-channels has
the inherent advantage that separation at the exit is ecient. In pressure driven ows in micro-
channels the ow prole is laminar and parabolic. This induces axial dispersion in the system
which is known to reduce the eciency of the process. In micro-channels electro-osmosis has been
employed to overcome this drawback, leading to a ow prole that approaches the classical plug
ow behaviour.
In this work fundamental features of the velocity proles in stratied ows are analysed. First
the ow between two rectangular innite at plates is discussed. The inuence of physical proper-
ties, in particular viscosity of the two liquids, on the velocity proles is determined symbolically.
The ow-proles are classied in the parameter space of physical properties (viscosity ratio) and
operating conditions (ow-rate ratio). The mass transfer in these systems is compared with that
found when the two liquids follow an ideal plug ow behaviour. A symbolic solution based on
the method of separation of variables is proposed for concentration when the ow prole is a plug
ow. It is found that the plug ow prole gives a poorer performance than the laminar prole.
This is attributed to the lower velocity prevailing at the interface in the plug ow regime. To
understand this more clearly the eect of changing the height of the interface was also analysed
and it was found that under some conditions the ideal plug ow can give a better performance
than the laminar reactor. The results of this work will aid the experimentalist establish guide-
lines to determine if introducing electro-osmosis in a Hagen-Poiseuille ow will be benecial or
detrimental in liquid-liquid extraction.
Keywords: Laminar ow, Convective transport, Mass transfer, Diusion, Extraction,
Mathematical modelling and simulation
1. Introduction
The physical eects which govern the behaviour of uids owing at the microscale and the
macroscale are dierent. Surface tension, viscous eects, energy dissipation and capillary action
begin to dominate system behaviour at the microscale. Microuidics studies the behaviour of the
uids at the microscale induced by these eects. It helps exploit the behaviour at these scales for
new uses by improving the eciency of current processes.
Microuidics results in process intensication through miniaturization in process industries.
These systems are characterized by a dominance of viscous forces as compared to inertial forces;
hence, low Reynolds numbers are encountered. Consequently, the ow regimes observed in these
systems is laminar. Mixing in these micro-channels occurs primarily by molecular diusion. The
time needed for mixing by molecular diusion is proportional to the square of the length of the
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diusion path. The marked shortening of the diusion path in a micro-channel results in relatively
good mixing.
Multiphase liquid-liquid ows arise when two or more partially miscible or completely immis-
cible uids are brought in contact and subjected to a pressure gradient. The resulting systems
display dierent kinds of ow behaviour, e.g. droplet, slug or stratied ow. These regimes depend
on the relative ow rates of the uid phases involved, the resulting interaction between interfacial,
and viscous forces and the wetting behaviour of the channel walls. Dierent liquid-liquid phase
ow patterns in micro-channels have been experimentally analysed, see Dessimoz et al. [5]. Re-
cently, Zhao et al. [16] studied mass transfer behaviour in a stainless steel micro-channel with a
T-junction inlet under cross ow and opposing ow congurations. In Burns and Ramshaw [2] an
immiscible liquid-liquid two phase ow system was analysed and the system was found to show
stratied ow with a planar interface for a wide range of operating conditions. It was proposed
that the slow ows provided opportunities for carrying out reactions and separations. In a later
work the slug ow behaviour in liquid-liquid systems was analysed, see Burns and Ramshaw [3].
It was found that slug ow behaviour had a signicant eect on the mass transfer rate of acetic
acid from kerosene to the aqueous phase. They studied how the vortex motion within a slug could
improve mass transfer across the interface. It was suggested that this could be exploited to control
fast reactions which are mass transfer limited. These reactions include nitration, hydrogenation,
sulfonation and oxidation of organic compounds. The slug ow regime is commonly encountered
and has an important advantage that it facilitates rapid mass transfer as the surface area to vol-
ume ratio is signicantly high. The biphasic hydrolysis of p-nitrophenylacetate was studied under
stratied and segmented ow conditions. The eect of sonication and phase transfer catalysis in
this system was analysed in Ahmed-Omer et al. [1]. The mass transfer rate also depends on the
presence of a lm outside the non wetting phase which is determined by the capillary number, see
Taha and Cui [13], Dessimoz et al. [5].
In the context of mass transfer across membranes Guo and Ho [8] have analysed an symbolic
solution based on separation of variables for co-current and counter-current ows in an annulus.
The eigenfunctions were calculated using a power series expansion. The velocity elds in the two
chambers were decoupled as they were separated by a porous membrane. Electro-osmotic ows
in micro channels have been frequently proposed as being useful for overcoming dispersion eects.
This causes the velocity prole in the micro-channel to remain almost uniform except for a small
region near the walls. This helps the ow-eld evolve to a plug-ow regime in the micro-channel
as opposed to the parabolic laminar prole. Liu et al. [9] and Gao et al. [7] have studied the
electro-osmotic ow in a rectangular channel when one uid is conducting and the other is non
conducting as it usually the case in extraction. The ow-proles were obtained symbolically for
the two uids when the non conducting uid was dragged by the viscous force of the conducting
uid. Wang et al. [15] have studied experimentally as well as theoretically how the interface level
can be controlled in a two liquid system under the inuence of a pressure drop and an electric
eld applied to one of the uids. Their results indicate that the ow proles in the two uids
can be approximated as plug-ows with a jump discontinuity at the interface for some operating
conditions.
Recently studies have focussed on liquid-liquid extraction in the stratied ow regime in the
micro-channels. The stratied ow pattern can be exploited to facilitate complete separation at
the channel exit. The extraction of vanillin dissolved in water using toluene in micro-structured
devices made of Polydimethylsiloxane (PDMS) was studied by Fries et al. [6]. Here the performance
of segmented and stratied ow regimes were compared. Laser-induced uorescence (LIF) and
microscopic particle image velocimetry (microPIV) measurements showed a laminar prole for
stratied ow, whereas vortices in the slug were detected for segmented ow. The inuence of
channel width and therefore, the surface-to-volume ratio was investigated for stratied ow. There
was a signicant enhancement of mass transfer with decrease in the channel cross-sectional area
for the stratied ow regime.
Three dierent uid-ow patterns in a Y-shaped micro-channel, contact or stratied ow,
segmented ow and emulsication were investigated in Okubo et al. [11]. Here a one-dimensional
model for extraction assuming the interface to be at the centre of the channel was used to compare
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Figure 1: Schematic picture of the stratied ow system showing all variables. Velocity prole is for 1 > 2,
P < 0.
the model predictions with the experimental behaviour. A two-dimensional ow-eld taking into
account the eect of the interface not being at the centre was analysed by Znidarsic-Plazl and
Plazl [14]. They compare their model predictions with experimental results on steroid extraction.
Modelling work on extraction in micro-channels has been mostly conned so far to preliminary
studies. In Malengier et al. [10] the authors developed a model for stratied ow, indicating
how performance can be optimized. In this work the extraction of a system is analysed when
the ow-rates of the two uids is xed. The interface height is dependent on the viscosities and
is determined from the ow eld. A closed form symbolic solution for the concentration prole
is established for the case when the velocity elds are uniform in each uid. As our system is
linear we view the governing dierential equation and boundary conditions in the framework of
linear operator theory. An inner product in which the system (dierential operator subject to the
boundary conditions) is self-adjoint is used to nd the solution in the form of a series expansion.
This is used to determine the mass transfer behaviour. For the laminar ow a numerical solution
based on the method of lines is used to determine the eect of dierent parameters on extraction
eciency for ow between parallel plates. The mass transfer performance of laminar and plug
ow behaviour are compared under dierent conditions. These results are extended to the case of
a rectangular micro channel using the nite volume method. Experimentally the electro-osmotic
eect can be used to vary and control the interface height and it is shown that under some
conditions the plug ow behaviour will be better than the laminar behaviour. A physical basis
for the results obtained is presented. It is generally believed that electro-osmotic ow would
improve the performance of the micro-channel. This work provides guidelines to decide whether
electro-osmosis is necessary to improve the performance of extraction in stratied ows.
2. Hydrodynamic behaviour
First, the stratied ow of two liquid phases is analysed between two innite horizontal plates
extending to innity in two directions. The distance between the plates (along the x-direction)
is taken as H and the liquid-liquid interface is at distance h from the lower plate. The ow is
assumed to be in the y-direction the plates extending to innity in the z-direction. Fig. 1 shows
a schematic of the set up along with the axis. The velocity prole is obtained assuming the ow
to be steady, fully developed and the liquids to be incompressible. The velocity proles of the
system are governed by the equation
@p
@y
= 1
@2v1
@x2
for 0 < x < h;
@p
@y
= 2
@2v2
@x2
for h < x < H:
(1)
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These equations are subject to the conditions of no slip at the walls and continuity of velocity and
shear stress at the interface which is located at h. So
v1 = 0 for x = 0;
v1 = v2 for x = h;
1
@v1
@x = 2
@v2
@x for x = h;
v2 = 0 for x = H:
(2)
In the above the subscript 1 and 2 are used to denote the uid in the rst and second region
respectively. The solutions to the above equation yield the velocity proles of the two liquids as8<: v1(x) =  
x(h2(2 1) xH1+H21 xh(2 1))
2(h(2 1)+H1)1 rP for 0 < x < h;
v2(x) =   (H x)(Hh(2 1)+xH1 h
2(2 1)+xh(2 1))
2(h(2 1)+H1)2 rP for h < x < H:
(3)
Here the imposed pressure gradient is denoted as rP . The ow behaviour is hence similar to the
Hagen-Poiseuille ow (parabolic in shape) where both the uids are subject to the same pressure
drop. The velocity eld is continuous at the interface h but its derivatives are discontinuous,
Fig. 1. From the point of view of the experimentalist the ow rates Q1 and Q2 are xed. They
are given by 8>>>><>>>>:
Q1 =
R h
0
v1(x)dx
=  h
2(h22+1(4H2 (H+h)2))
121(1(H h)+2h) rP ;
Q2 =
RH
h
v2(x)dx
=   (h H)
2(1(h H)2 h2(h 4H))
122(1(H h)+2h) rP:
(4)
These equations are used to determine the pressure drop rP and the height h of the interface
for a given combination of ow-rates and uids. Alternatively, if the pressure drop and height of
interface are specied, the velocity proles in each liquid layer can be found and from this the ow
rates can be determined. The velocity prole is parabolic in shape and hence it has a maximum.
This can lie in either of the two liquids. To determine the operating parameters for which the
maximum lies in one of the two liquids, the critical condition at which the maxima lies at the
interface of the two liquids is found out by setting the derivative of the velocity equal to zero at
the interface for each of the velocity expressions. This gives us the condition
hcrit
H
=
1
1 +
p
r
; r =
2
1
; 0 < hcrit < H;
where r is the ratio of the two viscosities. For a given combination of uids (or viscosity of
the uids) we see that the interface height when the maximum of the velocity prole lies at the
interface depends only on the viscosity ratio. The ratio of the ow-rates of the two uids when
the maximum of the velocity prole is at the interface can be found out from the corresponding
velocity proles,
Q1
Q2
=
1p
r
:
This ratio is also dependent only on r and in particular the pressure drop does not inuence the
ratio of the ow-rates, as it eects both the ow-rates equally in a linear manner. A plot of the
critical ow-rate ratio Q1=Q2 on 1=r is shown in Fig. 2. Along the curve the maximum of the
velocity prole lies on the interface. It is seen that the curve divides the rst quadrant (the region
of physically relevant space) into two regions. In region I the maximum lies in the rst uid
(0  x  h) while in region II the maxima lies in the second uid (h  x  H). For a given r we
can hence choose two dierent values of Q1=Q2 one above and below the curve and compare the
mass transfer characteristics. This would correspond to a situation when the same two uids are
chosen but the relative ow rates of the two uids are dierent. Similarly for a given Q1=Q2 we
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Figure 2: Dependence of the critical ow rate ratio Q1=Q2 when the maximum occurs at the interface on the ratio
of the viscosities 1=2. Velocity proles in each region are shown.
could choose two dierent values of r such that we are in the two regions and compare the mass
transfer characteristics. This corresponds to a situation when the ow-rates of the two uids are
the same but the viscosity ratio of the two uids are dierent. Any dierences in the mass transfer
behaviour in the two systems can be attributed to dispersion eects arising from the shapes of the
velocity proles.
3. Mass transfer in extraction
The mass transfer in a co-current stratied ow of a liquid-liquid extraction system in a micro-
channel is now analysed. Here we consider the ow of a solute in the rst uid which is being
extracted by the second uid. The concentration in uid 1, respectively 2 is represented by
C1, respectively C2. Considering steady-state operation with convection in the y-direction and
diusion in the x-direction we obtain the equations which govern the behaviour of the system as
v1@yC1 = D1@xxC1 for 0 < x < h;
v2@yC2 = D2@xxC2 for h < x < H:
(5)
At the interface we have,
C1 = KC2; for x = h;
 D1@xC1 =  D2@xC2; for x = h; (6)
at the walls we have
@xC1 = 0; for x = 0; y > 0
@xC2 = 0; for x = H; y > 0;
and at the inlet y = 0 we have
C1 = C
in for 0 < x < h; y = 0
C2 = 0 for h < x < H; y = 0:
The lm interface conditions result in a discontinuous concentration prole, while keeping the
mass ux continuous. If K > 1, C2 remains below the value of C1 at the interface. When K < 1
the reverse is true and the second uid extracts the solvent out of the rst strongly. Here the
concentration C1 is depleted at the interface so as to build up a larger C2 concentration. In our
computations we use C in = 1 mol/m3.
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4. Plug Flow Regime
The convection diusion equation can be solved symbolically and elegantly under the assump-
tions of (i) the Plug Flow Regime (PFR) which consists of a uniform velocity in the two uids (v1
and v2 are constant), and (ii) a constant transverse diusion coecient (D1 and D2). We start
with non dimensionalizing the equations with respect to their characteristic lengths and initial
concentrations,
x? =
x
H
; y? =
y
L
; h? =
h
H
; and C?i =
Ci
C in
;
which gives the dimensionless form as
@yCi =
1
Pei
@xxCi; where Pei =
viH
2
DiL
; i = 1; 2: (7)
For simplicity, we have dropped and will drop the superscript ? from now on. We seek the solution
Ci(x; y) in the form gi(y)fi(x). Substituting this in (7) gives
g0i(y)
gi(y)
=
1
Pei
f 00i (x)
fi(x)
=  2;
or
f 00i (x) + 
2Peifi(x) = 0;
g0i(y) + 
2gi(y) = 0:
(8)
This results in an eigenvalue problem in the x direction whose solution is
f1(x) = a sin(
p
Pe1x) + b cos(
p
Pe1x); 0 < x < h;
f2(x) = c sin(
p
Pe2(1  x)) + d cos(
p
Pe2(1  x)); h < x < 1: (9)
The boundary conditions at x = 0; 1 yield a = c = 0. At x = h, the boundary condition C1 = KC2
implies
b cos(
p
Pe1h) = Kd cos(
p
Pe2(1  h));
while D1@xC1 = D2@xC2 implies
 bD1
p
Pe1 sin(
p
Pe1h) = dD2
p
Pe2 sin(
p
Pe2(1  h)):
This yields the characteristic equation which determines the eigenvalues  as the solution top
Pe2 cos(
p
Pe1h) sin(
p
Pe2(1  h)) +K
p
Pe1 sin(
p
Pe1h) cos(
p
Pe2(1  h)) = 0; (10)
where  = D1=D2. The eigenfunctions corresponding to the nth eigenvalue is
fn(x) =

fn1 (x) = bn cos(n
p
Pe1x); 0 < x < h;
fn2 (x) = dn cos(n
p
Pe2(1  x)); h < x < 1: (11)
It has been shown in [12] that this system is self-adjoint in the inner product (when the velocity
in the two uids are equal v1 = v2)
hfn; fmi =
Z h
0
fn1 f
m
1 dx+K
Z 1
h
fn2 f
m
2 dx:
The eigenfunctions are normalized with respect to this inner product and the constants bn, dn are
obtained as
bn =

2n
p
Pe1h+ sin(2n
p
Pe1h)
4n
p
Pe1
+K
2P1 sin
2(n
p
Pe1h)
Pe2 sin
2(n
p
Pe2(1  h))
2(1  h)n
p
Pe2 + sin(2n
p
Pe2(1  h))
4n
p
Pe2
  12
;
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dn =  bn 
p
Pe1 sin(n
p
Pe1h)p
Pe2 sin(n
p
Pe2(1  h))
:
The solution for the y dependency is gn(y) = kn exp( 2ny).
For co-current extraction the initial condition is C1 = 1 for 0 < x < h and C2 = 0 for h < x < 1.
The coecient kn can be obtained from the initial condition as
kn = bn
sin(n
p
Pe1h)
n
p
Pe1
:
Since the boundary conditions are homogeneous Neumann conditions in the x-direction,  = 0 is
also an eigenvalue, which corresponds to n = 1. The eigenfunction corresponding to this is the
equilibrium solution and is given by
Ceq(x; y) =

1
1=K

 h
h+ (1 h)K
;
0 < x < h;
h < x < 1:
(12)
The complete solution to the convection diusion equation is hence
C(x; y) =

1
1=K

 h
h+ (1 h)K
+
1X
n=2
bn
sin(n
p
Pe1h)
n
p
Pe1
exp( 2ny)fn(x); 0 < x < h;h < x < 1: (13)
It was found that the above solution converged to the concentration prole when 50 terms are
taken. This implies that (10) is to be solved for the rst 50 roots. Since the roots are computed
numerically care has to be taken to ensure that the roots are arranged in ascending order, there
is no repetition of roots and no roots are missed out. This symbolic solution is used to validate
the numerical code based on a second order nite dierence scheme in space and method of lines.
The numerical method was used to determine the behaviour of the laminar ow regime.
5. Stratied ow in rectangular channels
The results obtained up to now are valid for the case of the 1D channel i.e., stratied ow in a
narrow gap between two large at plates. Now, we extend this to stratied ow in a channel with
a rectangular cross-section. Here the ow equations are described by
rP = 1v1(x; z) for 0 < x < h; 0 < z < W;
rP = 2v2(x; z) for h < x < H; 0 < z < W: (14)
In this we assume the interface to be at a xed position h, 8z 2 (0;W ). This is justied in the
limit of low interfacial tensions.
To determine the ow in a rectangular channel of width W and height H one can exploit the
fact that (14) is a linear elliptic non-homogeneous partial dierential equation of the Poisson type.
Using the method of full eigenfunction expansion, we obtain,
v1 =
1X
n=1
sin
nz
W

a1;n sinh
nx
W
+ a2;n cosh
nx
W
+ 1

a3;n (15)
v2 =
1X
n=1
sin
nz
W

b1;n sinh
nx
W
+ b2;n cosh
nx
W
+ 1

b3;n; (16)
The coecients a3;n; b3;n can be obtained by requiring that they satisfy (14). This gives
a3;n =  2 W
2
1n33
rP (1  ( 1)n) ; (17)
b3;n =
1
2
a3;n: (18)
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Figure 3: Velocity contours in a 0:040:04 square micro-channel for Q1 = 0:276610 10 m3/s, Q2 = 0:37510 10
m3/s, (a) 1 = 0:001 Pa s, 2 = 0:002 Pa s, h=H = 0:4 rP =  110 Pa/m. (b) 1 = 0:001 Pa s, 2 = 0:0005 Pa s,
h=H = 0:498, rP =  51:63 Pa/m, vertical black line is the interface.
Next, imposing the boundary conditions on the velocities gives expressions for the unknown co-
ecients a1;n, b1;n, a2;n, b2;n. For an accurate solution of the velocity eld, one must consider
a suciently large number of terms in the innite sum. However, sinh(x) tends to cosh(x) for
large values of x. This can lead to large numerical errors, and some of the terms become numer-
ically unbounded. This is addressed in the limit of large values of the index of summations by
using a1;n =  a2;n and b1;n =  b2;n. The analytical expression is used to plot contours of the
velocity eld shown in Fig. 3. It was found that 60 terms were sucient to obtain a converged
solution (taking additional terms terms do not aect the solution anymore on the chosen grid).
The contours were plotted by considering 60 terms in the series expansion. This was found to be
sucient to get smooth proles. The ow rates corresponding to this ow eld can be computed
numerically. The species balance equations are solved using a nite volume approach for this
geometry.
6. Results and Discussion
In this work our focus is on stratied ow behavior. The advantages of this ow stem from the
ease of separation of the two streams at the channel exit. This has been experimentally exploited
by Okubo et al. [11], Fries et al. [6] and by Znidarsic-Plazl and Plazl [14]. Hence the stratied ow
behavior discussed in this work is of practical relevance. The operating conditions i.e., ow rate
combinations under which this ow-regime and the other commonly observed slug-ow regime is
observed has been reported in Cherlo et al. [4].
In order to compare the results of our simulations and to be consistent with the literature,
and evaluate the performance of a specic micro-channel set-up, we introduce some characteristic
quantities. These are now dened.
6.1. Characteristic quantities
The rst is the eciency E, dened in terms of the mixed cup concentrations as
E =
C2(L)  C2(0)
Ceq2   C2(0)
;
where Ceq2 is the equilibrium outow concentration in the second region, and typically C2(0) = 0.
Furthermore, the mixed cup concentration is given by Ci(y) =
R R
viCi(x; y; z)dxdz. This is
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Figure 4: Comparison of the symbolic solution with 50 terms and the numerical computation in PFR. Here H =
410 4 m, h = 210 4 m, Q1 = Q2 = 14:2857  10 6 m2/s, K = 4:14, D1 = 7:4  10 9m2/s, D2 = 5:64  10 8
m2/s. Full line is the average concentration for x > h and the dashed line the concentration at x = 0:75H from the
symbolical computation. The triangles are the corresponding computed values with the numerical computation,
where a grid with 100 points per phase is considered.
a measure of how close the exiting stream is to equilibrium. The overall residence time tres is
dened as
tres =
WHL
Q1 +Q2
:
For a given length L, a unique residence time and an eciency E(L) is obtained. E = 1 corresponds
to the situation when the exiting streams are in equilibrium and no further separation can take
place.
The second characteristic which can describe the system is the extraction ratio Er. It represents
the fraction of the amount of solute that has been fed to the system which is removed by the second
uid. This is dened as
Er =
1
C inQ1
Z W
0
Z H
h
v2(x; z)C2(x; L; z) dxdz
Note that
E = Er

K
Q1
Q2
+ 1

:
6.2. Model validation
The models developed are used to calculate the mass transfer characteristics under stratied
ow conditions. The numerical algorithm proposed is validated with the symbolic solution for the
plug ow regime. The simulation was performed for D1 = D2 = 7:4 10
 9 m2/s; v1 = v2 = 0:0714
m/s, K = 4:14. For the symbolic solution the number of terms taken in the series expansion is
50 while the number of grid points taken in the transverse direction to the ow is 100 in each
of the uids for the numerical calculation. The concentration proles obtained using the two
approaches are shown in Fig. 4. Here a concentration at a transverse location and also the average
concentration in the second uid is shown. It is seen that the predictions of the two approaches
are in perfect agreement.
As a further validation, the results of the 1D laminar ow should be approached by the 2D
laminar ow by increasing the width of the channel. In Fig. 5 we see how increasing the width W
results in the 2D eciency proles converging to the 1D prole. It is seen that the ratio of W=H
should be around 25 for the 1D approximation to hold. Qualitatively the trends in the behaviour
predicted by the 1D and 2D models always coincide. However for comparison of model predictions
with actual micro-channel experiments the 2D numerical approximation must be used. This is
necessary as the computed interface position h is very dierent between the two approaches for
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Figure 5: Convergence of the 2D eciency to the 1D case. Full line is solution with the 1D model with H = 410 4
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Figure 6: Comparison of (a) the dimensionless mixed cup concentration, dashed line aqueous phase, solid line
organic phase; (b) extraction ratio, with the experimental results given in Znidarsic-Plazl and Plazl [14] as symbols.
small widths and can signicantly aect the quantitative results. For example, for the curves in
Fig. 5 we have h = 0:526H; 0:576H, and 0:579H respectively as we increase W , while the 1D case
gives h = 0:580H.
Furthermore, all numerical simulations were checked to verify the conservation of mass.
6.3. Comparison with experimental results
To the best of our knowledge we are not aware of any studies where extraction has been studied
in the presence of electro-osmotic ow. The results from experimental studies under laminar ow
conditions are hence used for validating the model predictions. As we will show, the predictions of
the model compare favorably with the experimental results. In the next section we use the model
to investigate if the plug ow conditions (electro-osmotic ow) can give better mass transfer
performance as compared to the laminar ow conditions.
6.3.1. Comparison with Znidarsic-Plazl et al
We rst validate the numerical code with the behavior of a channel with a rectangular cross-
section. The predictions of the model are compared with experimental results of Znidarsic-Plazl
and Plazl [14] in Fig. 6. Here we depict the variation of the dimensionless mixed average con-
centration and the extraction ratio on the ow-rate. There is a good agreement between the
experimental data and the model predictions, even though the model is based on a simplied
geometry and assumes fully developed ow. For the higher ow rates (and hence low residence
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Figure 7: Comparison of our model predictions of the extraction ratio with the experimental results given in Okubo
et al. [11] as symbols.
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Figure 8: Comparison of our model predictions of the extraction ratio versus residence time and ow rate with the
experimental results given in Fries et al. [6] as symbols.
times), the model underestimates the extraction ratio (the outlet concentration of C1 is lower than
that predicted by the model).
6.3.2. Comparison with Okubo et al
A comparison of our model predictions with the experimental results of Okubo et al. [11], is
shown in Fig. 7. Here the horizontal dashed line shows the extraction ratio at equilibrium. The
agreement of our model is similar to that obtained by the model presented in Okubo et al. [11].
We notice that now the model overestimates the experimental results for the ow rates used. In
this experiment the total length of the micro-channel is short ( a straight channel of 33 mm is
used as opposed to the 332 mm zigzag channel in Znidarsic-Plazl and Plazl [14]). Consequently
the residence times are low and equilibrium is not reached and the performance of the system is
far from the equilibrium conditions.
6.3.3. Comparison with Fries et al
In Fig. 8 we compare the predictions of the model with the experimental results of Fries
et al. [6]. The same experiment was analysed in Malengier et al. [10], but is shown here to
allow comparison with the previous two experiments. Therefore, the gure shows the extraction
ratio versus residence time and ow rate. The model predictions agree reasonably well with the
experimental data, both qualitatively as well as quantitatively for most conditions. There are some
conditions under which there are deviations. The equilibrium extraction ratio is 0.8, which is seen
as a clear upper bound in the gure. Decreasing the channel width leads to an enhancement of the
extraction eciency, see Fig. 8(a). This is to be expected as now we have lowered the diusional
resistance for the species to go from one phase to another. The slope for small residence times
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Figure 9: Comparison of 3D laminar ow (full line) and plug ow (dashed line) for H = 410 4 m, W = 1:4 10 4
m, 1 = 0:001025 kg/m/s= 2=2, Q1 = 2Q2 = 14:286 10 6W m3/s, K = 4:14, D1 = 2D2 = 7:4 10 9 m2/s. Left:
extraction ratio, Right: extraction eciency.
before achieving the equilibrium is the steepest for W = 200m and decreases with increasing
channel width. This means that for high throughput values, small changes of the volumetric ow
rate result in a signicant change of the extraction eciency when the channel width is low.
The mismatch between the model predictions and the experimental results for the smallest
channel (6  10 10 < Q1 < 20  10 10) and for the largest channel for high residence time
(Q1 < 7  10 10) can be attributed to several factors. First, no parameter tting was done. In
the simulations constant values for the diusivity of vanillin in the two uids is used. This has
been estimated as Dwater = 7:4 10
 9 and Dtol = 5:64 10 8 m2/s. The experiments in the bigger
400m channel reaches only an extraction ratio of 0:7. We attribute this to the fact that the actual
interface is farthest from the mid point for this dimension since in the experiments the two liquid
streams were separated at the mid-point. For the 200m channel, the diusional resistance is
lowered and equilibrium is attained faster experimentally as compared to the larger channels. The
model predictions are in an overall sense consistent with the experimental measurements. This
can be seen in the trends in the predicted values of Er which follow the trends of the experimental
measurements. Specically as we increase the size of the channel the time required for the same
Er is more when the size of the channel is increased.
Having validated the model with experiments from the literature we now use it to analyse the
eect of dierent parameters or operating conditions on mass transfer performance. Mathematical
modelling is ideally suited for such an investigation and the insight it provides can be used to
optimally design experiments.
6.4. Plug ow versus Laminar ow
It is well known that electro-osmosis can be used to modify ow-elds in micro-channels. Here
an electric eld induces an electro-osmotic eect and renders the ow more like an ideal plug ow
where the dispersion eects are reduced. The eect of axial dispersion is normally thought of as
one which reduces the eciency of a process. To understand the role of dispersion a comparison is
made between two cases one where the ow-eld is laminar and the other where the ow of each
liquid resembles an ideal plug ow. For a fair comparison the laminar ow is rst simulated for
a xed value of individual ow-rates. In the simulation of the plug ow eld the interface height
is kept the same and the velocities of each of the phases is such that the ow rates are the same
as in the laminar case. The velocities hence are the average of the proles found in the laminar
case. This ensures us that the residence time of each uid as well as the overall residence time is
matched for the two cases.
The behaviour of the laminar ow system is found to be superior to that of the PFR. For
Q1 = 24:28  10 6 m2/s and Q2 = Q1=2, D1 = 7:4 10 9 m2/s and D2 = 14:8 10 9 m2/s and
1 = 0:001 kg/m/s and 2 = 0:00025 kg/m/s the eciency for the laminar ow eld was found
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Figure 10: Comparison of the laminar ow versus PFR in terms of the interface height, xed Q1 and Q2. Full line
is laminar ow with h = 0:536H, dashed line PFR with same interface position. Diamond markers are PFR with
h = 0:3H, dotted line PFR with h = 0:7H, and dash-dot line PFR with h = 0:8H.
to be 0:6838 and for the plug ow eld was 0:5882 for the at plate geometry. To conrm this the
system was simulated for dierent ow-rate combinations such that the ratio was constant. This
is equivalent to varying the residence time of the system. The results for this are shown in Fig. 9
for the rectangular micro-channel. Here it is seen that for all residence times the PFR performs
worse than the laminar system as far as the extraction eciency is concerned. The same trends
were found for dierent parameter combinations.
This counter-intuitive result can be explained by looking at the magnitude of the velocity
prevailing at the interface. In the plug ow situation the velocity magnitude is less than that in
the laminar reactor. This arises since the laminar ow-eld satises the no slip behaviour at the
interface. The average velocity in the uid is lower than that at the interface in the laminar ow-
eld in at least one of the phases (since the laminar ow-eld has to satisfy the no-slip boundary
condition). Consequently the mass transfer rate across the interface in the PFR is lower than
that in the laminar ow regime and this gives rise to a deterioration in the performance in the
equivalent plug ow system.
6.5. Eect of interface position in plug ow
In microuidics it is possible to operate systems under a constant ow-rate or a constant
pressure drop. In the case of pumps delivering a constant ow-rate, the imposition of an electric
eld to switch on the electro-osmotic eect would result in modulation of the ow-elds of the
dierent phases. This in turn would mean that the height of the interface would change. To
understand this behaviour numerical simulations have been performed by varying the height of
the interface and assuming the velocity eld to be a plug ow. When h decreases keeping the ow-
rate Q1 xed the residence time of the rst uid decreases and that of the second uid increases.
This is expected to reduce the extraction eciency as now the time spent by the rst uid in the
micro-channel is less and the residence time of the second uid increases. Both eects tend to
make the eciency poor.
Similarly it can be argued that when h increases, E becomes higher. The dependency of E on
residence times is shown in Fig. 10(a), and indeed shows the expected behaviour. As h increases
the performance in the plug ow exceeds that of the laminar ow. The same holds true for the
extraction ratio, Fig. 10(b).
7. Conclusions
In this work the mass transfer behaviour in a stratied ow in a micro-channel has been
analysed. The focus of the work is on determining the improvement in extraction when the ow
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eld shifts from a laminar parabolic shape to a plug ow prole. The velocity and the concentration
proles were obtained symbolically for the plug ow system when the ow was between two at
parallel plates. The plug ow prole was found to perform worse than the laminar ow when
the interface position and the residence times of each of the phases was kept the same. This is
attributed to the lower velocity prevailing at the interface.
In this work we view electro-osmosis as a method to induce plug ow behavior. In the case of
organic pollutants being extracted from an organic phase to an aqueous phase the eect of electric
eld on mass transfer will be minimal. The electric eld modies the ow-eld from laminar to
plug ow. The eect of this modication from laminar ow to plug ow is analysed in this work.
The study shows clearly that the eect of electro-osmosis is benecial only when the location of the
interface height is modied in a particular direction by applying an electric eld. It is detrimental
otherwise.
It is shown that by controlling the interface height the plug ow prole can give a better
performance than the laminar ow prole. But now the residence time of the uids are dierent
from that prevailing in the laminar ow. This shows that the eect of electro-osmosis can be
benecial only under certain operating conditions.
Nomenclature
Notation Denition Unit Typical value
E Extraction eciency - 0 - 1
Er Extraction ratio - 0 - 0:7
H Height of the micro-channel m 5 10 4
h Interface position m 0:1H   0:9H
K Distribution ratio - 0:1 - 5
L Length of the micro-channel m 0:01 - 0:05
tres Residence time s 1 - 10
W Width of the micro-channel m 10 4
rP Pressure gradient Pa m 1 1000 - 25000
1, 2 Viscosity in zone 1, 2 kg m
 1s 1 10 3
C1, C2 Concentration solute mol m
 3 0:1 - 10
D1, D2 Diusion coecient m
2s 1 5 10 9
Q1, Q2 Flow rate m
2s 1 (1D) or 10 6
m3s 1 (2D) 10 9
v1, v2 Velocity m s
 1 0:05
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